CHAPTER XXXI. 


ELLIPTIC INTEGRALS AND FUNCTIONS. 


1329. The Legendrian Standard Integrals and the Jacobian 
Functions. 

In proceeding to the further consideration of the Jacobian 
Elliptic Functions snu, cnu, dnu already introduced in 
Chapter XI., we shall adopt the same order of discussion as 
that followed in the description of the ordinary circular 
functions and of their inverses in Trigonometry ; viz. 

(1) The nature of their Periodicity; (2) The establishment 
of their Addition Formulae; (3) The examination of formulae 
arising therefrom. 

We have defined sn(u, k) as the value of z, which makes 

w= | FR =e’ where k < 1, and en(u, k), dn (u, k) are 


defined as //1—2? and V1— k?z respectively. 
1330. Periodicity of the Extended Circular Functions. 


Let us examine first the simpler integral u— 


sinu being considered as not hitherto known, but now defined by the 


equation z—sin v, so that the inverse function sin^!z is iN , and 


dz 
o 1-2 


z is not restricted to real values, but may be a complex variable. 


1331. If we write w= , w is a two-branched function, its two 


1 
] —2? 


1 = and individually charac- 
z 


vi- 
terised as assuming the respective values +1 and —1 at the origin. 
The branch-points are at z—1 and at z— —1. These points are also 
poles of the function. There are no other singularities. 
483 


: 1 
branches being w,= + ear and w= — 
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The region between an infinite circle whose centre is the origin O, and 
a double loop enclosing the two branch-points, is synectic, and the infinite 
circle is therefore deformable into and reconcilable with the double loop. 


Hence, considering either branch, say w,, Í w; dz taken round the infinite 


circle has the same value as f w,dz taken in the same sense round the 
double loop. - 


M 


Fig. 418. 


Now round the infinite circle, along which we may put z= Re and 
dz/z=.d6, where R is infinite, we have 


dz 1 (dz : 
Í w,dz= areas ti | m |z| being very large, 


1 2r 
=} f tdó- 2s. 
t Jo 


Hence Í w, dz, taken round the double loop, is also —27. 

Again, in integrating round an infinitesimal circle whose centre is at 
the branch-point z=1, put z—1 4-re'?. 

SoS ema f$ — ae 
? 2p re^ — re! 9 4A/2-rre'? 
when r is indefinitely diminished. Similarly the integral round the 


infinitesimal circle with centre at z— — 1 also vanishes. 
Hence the integral for the loop round z=1 is in the limit 


1 
=| w,de+ f, v dz |” widz, 


where I, w, dz indicates the integration for the circuit round z=1; and 


8 
i 


w, has changed into w; after performing the circuit once (Fig. 419) ; and 
since w= — w;, this reduces to 


dint dio aeui 
=2 f w,dz= [ 75- 1s Say. 
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Similarly, the value of the integral f w, dz for the loop round z= — 1 is 
-— udes f, wdf, w; dz, 


where c’ refers to the circuit of the infinitesimal circle round z= —1 


and Í w,dz vanishes. Hence, for this loop, we have 


wy des [7 "T J5 w de 79 JE 


-—1 


1- = 
1 dz 
a ae ds 
Thus _£,+L14=0 ) 
and L,— L ,- integral for the whole loop=2r ; 


; 1 d mc Í T 
oe LT, Lií--T; lel. E Ww ak M and C -5 
the direction of travel in each case being the “ positive” direction as 
defined earlier. 


w, TU, 
SD) oce ir) eem 3) 
o 1 C wW, 


Fig. 419. Fig. 420. 


Now, if one of the branch-points, say z=1, be encircled twice, the path 
starting from the origin and returning to it after two encirclings, may be 
deformed into two loops round the point, and the integral, leaving out 
the integrals for the two infinitesimal circuits about the branch-point, 


1 ro 1 0 
which vanish, is = Í w; dz + Í w; dz 4- Í ww; dz + Í w, dz, which is zero, 


and w, has changed to w, and back to w, in the double circuit, i.e. to its 
original value at the origin. 

Thus, for a loop with an even number of circuits round one pole, we 
have a zero contribution with no aggregate change of branch, but for a 
loop with an odd number of circuits round one pole, the equivalent is 


1 
obviously a single loop, —2 Í w,dz=m, accompanied by a change of 
0 


branch from w, to w, on arriving back at the origin. 
The same thing happens for several encirclements of z— — 1, starting 
from the origin with value w,, except that for an odd number we have 


a contribution 2 j^ w,dz= -r ; and w, has become w, or w, according as 
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there have been an odd or an even number of encirclings of the branch- 
point. 

When both branch-points are encircled n times in the positive direction, 

the integral will be n. 2z with no change of branch, or if the pair be 

om encircled p times in the 

vr ail positive direction and q 

o times in the negative direc- 

tion, the contribution will 


s 
be (p~q) 2r=2n.7, where 
6 ^ is the excess of the 


number of positive encircle- 


s ments over the number of 
negative ones. And such 

o an encircling of both points 
g will result in w, being 


restored as the final branch 
of the function when z has 


o returned to the starting 
z point. 

Now any path from O 

ó to z is reconcilable with a 

» linear direct path, together 


with such loops as have 
been described above or 
some combination of them. 


z 
i And if f w,dz along the 
: 0 
uem s n ) straight path be called us, 
SY the contribution to the 
. z total integral from O to z 


by any other path deform- 
able into the straight line 


s OP with a system of loops 
will be -Fu, or —%, ac- 
cording as z, after having 

à described its loop system 
Fig. 421. and before commencing the 


portion OP, has returned 
to the origin with a value w, or a value w, for the function, and the 
total for any path will be uo or —w,, as the case may be, together 
with whatever may accrue from the several encirclings of the branch- 
points. 


[4 
Thus the total values of the integral Í w, dz are: 
0 


z 
(1) for the direct path alone, Í w,dz=U ; 
0 
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(2) for an odd number of circuits of one } = Li -w 
loop + a direct path, or 

(3) for an even number of encirclements 
of one branch-point + a direct 
path, 

(4) for n encirclements of both branch- 
points + a direct path, 

(5) for n complete encirclements of both 
branch-points combined with an —n(L — L1) + Li — to 
odd number of encirclements of | or =n(L;— L1)+ L1- uo; 
one of them + a direct path, 

(6) for n complete encirclements of both 
branch-points with an even num- 
ber of encirclements of one + a 
direct path, 

and seeing that L, — L., would be replaced by — Lı + L if the description 
were in the opposite direction, these results are all of one or other of the 


=n (L; — L1) + to ; 


=n (L, —L.)4w; 


forms Qpr+u or (2ptl)r—w"., ie. pr +(-—1)Pu, 
p being some integer positive or negative. 
z 
If then, in the equation u= | Odtis we express z as z=¢(u), it 
o 1-z 


appears that as all these paths lead finally to the same point z, we must 
have $(u) the same for all the paths 
—$(w) ie d(u)-d(pr--(-1)9ug, 
and the general solution of the equation $(u) 2 $(u) is w=pr+(—1)?up. 
This is the ordinary result of trigonometry, and for a real variable it is 
a well-known theorem that sin u—sin {pr - ( — 1)?u). 


1332. Let us next put /1—2?— (wu), and enquire which of the above 
values of u lead to the same value of VI -= z?. 


Fig. 422. 


Clearly the function /1—2* has the same value ai P’, (—2), as it has 
at P, (z) (Fig. 422). 

Hence, besides the various paths which lead from O to P must be 
considered those which lead from O to P’. And it is not all the paths 
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which have been considered from O to P thus restoring the value z at P, 
which also restore the value of 1 —23. For after a description of an odd 
number of single loops, ^/1—2? has become —4^/1—2*. Hence,in order to 
arrive at P or at P' with the value --/1—2?, we can only take the cases 
of description of an even number of single loops; also a double loop 
traversed any number of times will restore the value --4/1—2?. 
We therefore have the following cases : 
(1) for a direct path from O to P, uo; 
(2) for a direct path from O to P’, 
-Z z 
[ Ni724à- - [ VTP -w; 
(3) for an even number of loops round either branch-point ) ME 
+ a direct path OP, i 
(4) for an even number of loops round either branch-point } pay 
+ a direct path OP’, à 
(5) for any number of double loops 4- direct path OP, Qn + Up ; 
(6) for any number of double loops + direct path OP’, Qn — t, ; 
(7) for any number of double loops + any even number of } Susana’ 
single loops + a direct path OP, í 
(8) for any number of double loops + any even number of } obese 
single loops + a direct path OP’, 
Hence it appears that the values of w which lead to the same value of 
V/1—2 are exactly comprised in and expressed by 27» + uo, i.e. 
if J1—-2-—x(u) then x(u)9 x(2wr +u), 
and the general solution of the equation y(u)=x (uo) is u—2nr + Up. 


Thus, defining cose as -Wl-z? where u= | Pra we have 


cosu=cos(2nr+u), and the solution of cosu-cosu, is uw-2mnrm ue, 
which for real values of u is the well-known trigonometrical result. 

1333. Further, in the case when on the whole an odd number of single 
loops have been described, /1—2* has on the return of z to the origin 
become -4/1—2?, and along the direct path to P we have 


€ -wde 

Lm 
and along the direct path to P' we have 

[t 

0 -JI-z 
So that on the whole we have, for the double loops, 2»7 ; for an odd 
number of single loops, +7; for the final path OP or OP’, xw, giving 
the general value of u as (2n3-1)mzu, ie. (2A+1)r+u. And these 
values will give - ^/1—2? at the final position, Ze. x(u) 2 — y{(2A+1)r+u}, 
which is the same as the corresponding result of trigonometry, viz., 
À being an integer, cosu= — cos {(2A+1)r+u} 
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z dz 
1334. From the integral u- [ Viz it is also directly obvious by 
0 = 


expansion and integration that w is an odd function of z, in which the 
first term of the expansion in powers of z is z; and, therefore, by 
reversion of series, that z is an odd function of u, in which the first term 
of the expansion in powers of u is w. Hence it appears, from this 
consideration also, that if z=¢(u), then ġ(u)= —$(-w) And further, 
since /1—zZ is an even function of u, we have x(u)=x(-u). Also 
Lise =], AA gà, 
u 
1335. Periodicity of the Elliptic Functions. 
We now turn to the consideration on similar lines of 


=| aT 
XN ov (1—22)(1— k?z) 


where kis a real quantity < 1. This may also be written as 


Be | orm 
ue 1-— B sint 


where z — sin 0. 


dz X Zz 
ie rer em — k?z?) yaf - [Em 
where k?+ k?2=1. 
The function defined by 
w= É 


0—2)— 2) 
is à two-branched function, viz. 
1 1 


9 


Pn. U.———————————— 
A(1— 23) (1 — k?z?) A (1— 22) (1 — ez)’ 
having four branch-points A, B, C, D, viz. 
1 1 
VT, 22], pasi z=—l, 


symmetrically situated about the origin on the x-axis. 


Let P be the point z. 
a 


Cc D [e] B A 
Fig. 423. 


There are no branch-points other than A, B, C, D (Art. 1296). 
These branch-points are also poles of the function, and there 
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are no other singularities of any kind. We shall first consider 


the integration 
tion being : 


1 
k dz 
TA ue the path of the integra- 

rem e patn o e integra 


(1) along the z-axis from «=0 to z—1-— p, viz. O to L in 
Fig. 424; 


o LA N R È 
B A iud 
Fig. 424. 


(2) round the small semicircle LMN, centre at z—1 and 
radius p; 

(3) along the w-axis from z—1-rp to i- p, viz. NR in the 
figure ; 

(4) along a quadrantal arc, centre at z=} and radius p, 
viz. RS. 

In this integration which passes the point B, where z—1, 
the sign of 1—z changes at B and the integrand becomes 
imaginary. We have then to examine the behaviour of the 
factor /1—2 as we pass round the semicircle LMN, but do 
not complete the circuit, about the branch-point. Put 


r z=l+ pe^. 
Then /1—z=,/—pe®, and in passing round the semicircle 
LMN above B, 0 decreases from 0—- to 0—0, and /1—z 
changes from the value /—pe‘* at L to the value //— pe? at 


N ; that is, its value has been multiplied by &^€ or — in 
passing round the sernicircle. 

Therefore w, becomes nv, in passing over B. 

If we pass wnder B, we have a change in /1—z from the 
value 4/— pe'* at L to the value 4/— pe?* at N, and therefore 


the value at L would be multiplied by e? in passing to N; 
that is, w, would become —:w,. 

Since the value of /1—z at L may be written as vp, where 
p is 1—a, x being the abscissa of L, it becomes —1/p at N, 
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where p=a—1, x being now the abscissa of N, and along 
NR there is no further change of amplitude. Hence 
From Oto L J/1—z=J/1—2z, increasing from 0 to 1— p. 


From L to N 
round LMN } J/1—z=J/— pe" — pe”, 0 decreasing from v to 0. 


From N to A /1—z- —ivVz— 1, z increasing from 1+, to 3 


The factor /1—kz=J/1—ka from O to R. But A being in 
this case a branch-point, we take a quadrantal are with centre 
A and small radius p, avoiding the branch-point. 


Put z=; +-pe® Then /1— kz—4/ — kpe*,in which 0 decreases 
from 0—7 to 0— 3 . We thus have as the contributions 


from OL, LMN, NR and RS respectively, 


fcu REG oat al ai abita 
o V(1>a (1> ka) Je — pe*(24- pe^)[1 — 9 (14- pe)? 


FW dd T dal Sons di 2 wpe’ dO 
uu —4A (x3— 1)(1— k?z?) | PM K+ pet) 1} (— kpe’) (2+ kpe“) 


and when p is indefinitely small the second and fourth vanish 
and the first is ultimately K. Transform the third by writing 
k*3?--k?*'—1; whence 

hd, Misidas = y WE aH 
ms TE and /z2—1= a 4 gy1- a”. ae 


Hence the third becomes C» 


1 
(== k da La) kudcóz  k 1 
i/(@—1)( 1)1— Le IETF 1—k?x? k J1—a ka 
1 da’ ie 
gas A Ja—a —a?) (1 y ka) 7: , 


k dæ 
ov (1—2?) (1 — kx) 
and — K —,K', via a path below B. 


that is, =K +K’, via a path above B, 


It follows that sn(K HK). 
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Now, noting that : is the value of x when z'—0, and that 
V Les E Ica, we have 


| Et id 1 kei 
t T 4.€. Vir 


d en(K44K)— — ; ; also dn(K+.K’)= Mis -ke a=. 
1336. ibis diio "i when 
* da 


o /1— E? sin?0 Tus ov (1— NE — Ica?) 
x rubus 
oJ/1—k?sin?@ JoJ(1—2a?)(1— k?z?) 
and æ=sin ĝ=sn u, also observing that z—0 gives u=0, 
we have sn 0—0, whence cn 0—1 and dn 0—1; also sn K=1, 
whence en K —0 and dn K=/1—/?=K. 


1337. Again, if we write —6@ for 0, 


2 f cnn PF Gn d E 
Je icc sintó . dets Sn non 
—e 
us -u-| J/1— sin®é TI 
Therefore —0— am (— u); sn(—u)-— —sin 0— —snu ; 
also en (—u)=cn u; and dn (—u)=dn v. 


1338. It also appears directly from the integral 


II dz 

=| Sas 
by expansion, that u is an odd function of z whose first term . 
is z, and therefore, by reversion of series, that z is an odd 


function of u, the first term of the expansion being u, and 


therefore also that Ltu=0 2t 1. 


Also that, since cn u—4/1—sn?w and dnu=J/1—k* sn? u, 
cnu and dn u are both even functions of z (=sn u), the first 
terms of the expansions being in each case unity. These 
facts also show that 

sn(—u)=—snu, cn(—u)—cenw«, dn(—w)=dnu, 
as seen before. 
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1339. The Elliptic Functions of 0, K, K--.K'. Collected 
Results. 
We thus have 


sn 0—0, en 0—1, dn 0—1, 
sn K—1, en K —0, dn K —K, 
sn (K+iK)=7, en (K+.K’)= =e. dn (K+ 7) —0. 


1340. General Values. 
We shall now consider the variety of values of u which will 
accrue from the integral 


u-[' dz 
- JoJ(1—29(1— 1423) 


in integrating from the origin to the point P, viz. z, along the 
different paths which may occur, as was done in Art. 1331, for 


r dz 
o 1—2* 

There are four branch-points A, B, C, D, and four loops 
and it has been seen in Art. 1294 that for such a system any 


(0) 
Fig. 425. 


-Ve 


path starting from O and terminating at P is deformable into 
and reconcilable with 
(1) a straight line from O to P 
or (2) a straight-line path from O to P, together with a com- 
bination of loops, 
and that in any system of loops about four branch-points 
there are two and only two groups which give different values 
to the integral taken from O to P, viz. 
(i) those which consist of the integrations for sets of double loops + a 
direct path 
er (ii) those which consist of the integrations for sets of double loops -- a 
single loop 4- a direct.path. 
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Moreover, resuming the notation of Art. 1292, any two of 
the six possible double-loop systems may be selected as inde- 
pendent. This time we shall take these two double-loop systems 
as (AB) and (BD), and (B) as the principal single loop; and 
remembering that after every travel round a loop the branches 
of the function interchange, we have 

u=A(4B)+u(BD)+u or u-X(AB)-Eu (BD)--(B)—w, 
as the only possible forms of the result, where wu, denotes, as 
before, integration along the straight-line path OP starting 
with the branch w, t.e. the same branch with which the whole 
integration was started from Q. 


1 
0 
Now (4) [ w, dz | w de | w, dz, where | w,dz refers 
0 a = a 
k 


to the integration round an infinitesimal circle with centre 
at A, which vanishes ; 


1 
Ki (4)=2" w, dz—2(K +K’), 

0 
the + or the — according as we pass over or under B in 
arriving at Á ; 

1 

(B)=2{ V, dz=2K ; 
0 


is 1 
(9-2 | E de=—2" w,dz=—2(K+.K’); 
0 0 


att 1 
(D)= af w, dz=—2 fiw, dz— —2K ; 


and (AB)=(A)—(B)=+2:K’; (BD)=(B)—(D)=4K. 
Hence the general values of the integral which accrue are 
u=2) K +4uK + uo where 2, u, A, w are 
or u-—2A'.K'4-4uyK--2K—u,) integers; 
that is, u—2pmK" 4-24 K -- (— 1)'u,, where p, q are integers. 
If we write z— $(u) — $ (u), it follows that 
$(u9)—$ {2peK’ + 39K --(— 1); 
and taking q an even integer —2r, 
$(4)—$ pK +4rK +u), 
so that 2:K’ and 4K are independent periods of this function. 
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Conversely, it follows that the general solution of the 
equation $(u)—9$(u,) is u—2gpK'--2q4 K -- ( —1)'w,, and ¢ (u) is 
the Jacobian function sn v. 

Hence sn Up=sn (2p.K" 4-29 K 4- (— V)*u,) 
or, which is the same thing, putting (— 1)*u,— v, 

sn (2».K' 4-24 K + v) -sn(— 1? v 2 ( — 1)! sn v. 

As particular cases of this double periodicity, we have 


$(u) — $ (4K +u)= 9(2K —u)= $ (AK + 2K’ +u)= $(6K - wu) 2  (2.K" +u) 
— o [4(K +K’) 4- u] — etc. 


1341. Having defined z as a function of vw, =¢(u), by the 
equation z dz 
ues as 
f, ~ (1—22) (1 — K222) 
let us examine the periodicity of the expressions 
J/l—z*zx(w)mx(w) and 44— Kiew (u)ewy (ug) 
regarded as functions of v. 
Let P and P’ be the points z and —z respectively. Then, as 
z travels from O along any path which terminates either at P 


or at P’, starting with the respective branches for which 
x(0)=1 and y (0)=1, we are to arrive at P or at P' with the 


Fig. 426. 


values --/1—2? and --/1— k?z respectively. And this will 
be effected, provided that either no change has occurred in the 
branches of the functions in the paths followed, or provided 
that in either case an even number of such changes have 
occurred. Such changes of branch occur 

in y(u) at each looping of B or of D, but not of A or C; 

in y(u) at each looping of A or of C, but not of B or D. 
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Hence in the case of y(u) the number of times a single loop 
has been formed about B or about D must be even, but a double 
loop round B and D may occur any number of times. A double 
loop about A and B counts as a single loop about B. 

In the case of y(u) the number of times a single loop has 
been formed about A or about C must be even, but a double 
loop round A and C may occur any number of times. A double 
loop about A and B counts as a single loop about A. 

Again, if the integral for the direct linear path OP be 
denoted as before by uo, that for OP" is 


ma dz iut f dz aH 
f, J(1—22)(1—4922) d JAAP ot 

It has been seen that for the variety of paths from O to P 
the general value of the integral u is 

u--A(AB)--u(BD)d-u, or wu—A'(AB)-4- u(BD)4- (B) — us. 

It follows that the general value of the integral from O to 
P' will be expressed by 

u=) (4B)+u(BD)—uo or u—X(AB)-- & (BD) (B) - s; 
that is, for those which terminate at an unspecified one of the 
two points P or P’, . 

u—A(AB)--u(BD)xw, or u=d'(AB)+pu(BD)+(B)+ uo. 

Now amongst those solutions which restore to the inde- 
pendent variable either the value z or the value —2, some 
arrive at P or at P’ with the value +./1—2 and some with 
the value —4/1—2? for y(u), and similarly with the values 
--/1— k? or —/1— k?z? for y(u); and those solutions which 
arrive with the values —4/1—22, —4/1— k?z% must be removed. 
To do this in the case x(u)=J/1—2 it is only necessary to 
select those cases in which the number of single loopings of 
B or of D must be even; that is, A must be even and A' must 
be odd. And in the case of y (u)=v1—k?z we must select 
those cases in which the number of single loopings of A or of 
C must be even; that is, A and A' must both be even. 

Thus for /1—2 the form of u is 
u=2m(2:K’)+ 4&K xcu, or wu=(2m’+1)(2K’)+ ,/4K 4-2K +w, 
in which the coefficients of 2:K’ and 2K are both even or both 
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odd, i.e. in one expression u= p(2.K" 4-2 K)--q4K +u, where p 
and g are integers; and for /1— £22? the form of u is 
u—2m(2.K)--u4K xu, or u-2m(QK)--,4K--2K-wu, 
i.e., in one expression, 4— 4p 4-29 K +u, where p and q are 
integers. 
Thus V 1—222: x(u) x (p(2K' --2K)-4-gq4K + up} 
and /1— P= (u) — yr (4p cK' 4- 99K +u). 
The functions $, x, y» are plainly sn, en and dn respec- 
tively. Thus 
sn v=sn (2p.K' --24K --(—1)v), with periods 2, K", 4K, 
en v=cen(p(2.K’+ 2K)J-q4K +»), with periods 2:K’+2K, 4K, 
dn v=dn (4p: K’+ 29 K +v), with periods 4, K', 2K. 
Each function will have returned to its original value when 
the ‘argument’ has been increased by any multiple of 4:K’ or 
of 4K, which are therefore the whole periods for the group of 


functions, though individuals of the group will each have twice 
performed the whole cycle of their values in these intervals. 


1342. We may examine this periodicity of enw and dn v from a some- 
what different point of view. Defining cnu as +V1—2 and dnw as 
tT-AJ1— E22, and noting that z= +1 are the only branch-points of J1-2 


and z= i are the only branch-points of V1 —*2?, so that an odd number 


of loopings of B or D would change the branch of /1—2?, whilst an odd 
number of loopings of A or C would change the branch of V1 —#2*, and 
remembering that 


(4)22(K--.K, (B)=2K, (C)=-2(K+cK’), (D)- -2K, 


we have en[w+(A)]=cnu, cn[u+(B)]= -cn u, 
and . — cn[u+2(K+:K’'))=cnu; and cn(u+2K)=-cnu; 
whence cn(u+4K)= — en (u +2K)=cn u. 


Therefore 2(K -- K^) and 4K are periods of cn uw, and 
en [u+2A(K -.K^) - Au K] — cen u, 
en [z--2A(K -.K")--2uK]— —envw (p odd); 
i.e. en (v - 22, K* -29(A-- ug) K]— -cnu (p odd), 
en[w+2AcK’+2(A+p)K]= cnu (p even). 
Similarly dn(u+(A)J=—dnu, dn[w-4-(B)]2dnv, 


i.e. dn(u+2K)=dnu; and dn[u42(K --.K^)]- -dnv; 
whence dn [v 4-4 (K -.K^)]— — dn [u 4-2 (K 4 K^)] dn v. 


E.I.C. II. 21 
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Further, dn(u+2K’)=  dn(u--2K--2.K") — -dn u, 
dn (v 4- 4.K^) ^» — dn (u +K’) = dny, etc., 
i.e. dn(u 4-2ÀA K -- 4j. K^) 2 dn v ; dn(u--2AK + 2K’) = —dn wif p be odd, 
We may sum up these results concisely thus: 
— sn(u4-2p.K* -2gK) - ( 1t sn v, i 
cn (w+ 2p. K* + 29K) — ( — 1)?*? en u, J 
dn (u 4- 2p. K* + 29K) - ( — 1)? dn u. 
1343. Values of sn cv, cn cu, dn cu. 
@ dO 
Let «i —— —— Z2, and put sin 0—,tan 4, an imaginar 
o/1—k?sin?d P ? SY 


transformation. Then cos0 d0—.sec*ó d$ and cos0—sec ¢; 


then u-[ | 1Se?$d$ — S. LM 
osec d /1-Ftanió — o 1— KE?sin? $ taint 
say te mw .. sn(u, k’), 
. $—am(u, k); .. sn (cu, k)— en (u, Ky’ 
‘al __dn(u, k’) 
whence en (uu, k)= ib fu; Ey dn (uu, ket ewe n (iu Ey 


These relations are true for all values of u real or complex. 


1344. THE ÅDDITION FORMULAE FOR LEGENDRE’S First 
INTEGRAL. EULER'S EQUATION. 


Let u,= ; S, we", where Z—(1— 2?) (1— ?z?). 


Then TI=SN Uj, 2,—8Sn Ug. 
Consider the differential pros 
da, 
7 PE ppa Mig cdd mE E) 
where X,z(1—a,?)(1—4?x,?, X,—(1—2,?)(1— kx). 
Let v, and x, be regarded as functions of a third variable f, 


such that — dz ut da, 
i= /X,; then t= =- ut, i 


and Z,-—1—(k*--1)z,?--k?z,*; | 2,2 —1— (E?-E 1) a? kn; 

whence, differentiating and dividing by 27, and 2%, respec- 

tively, 4 —. (kb 1a, 2k*x3; ë= —(KE*--1)o, 2k; 
Thus 4, —#@, -—2À* (r?—x)2.,, 

whilst dx! — d. hy * — — (z?*—2.,)(1— AAN, 
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Ël — Foy _ 2jrz, d PAY 
it — ia, 1—ha Pade 0?’ 
whence log (#,7,—a,v,)=log (1— kx? x?) + const., 


parent, A 


—k*x,?x,* 


Hence 


1X — Loy 

1— kee r? 

Another form of the Integral of (A) is obviously 

^ de, | ^ dz, 

NENA i E NE a 

It appears therefore that when w,-+u, is constant, so also is 

TN X. iro, X, X, 

1—k*a,*x,? 

One of these constants must therefore be a function of the 

other, say, C— $(C^. 


m X Ee X, ctu, tu), and cibi Hn ohut mis 


1— Ex? aa 
be readily identified. For, since «,— IM Ji and w= | he 
is clear that, 


i.e. =C, and 


= const. — C". 


? a constant. 


Hence 


if z,=0 and therefore .Y, —1, we have u,=0, 
and if z,—0 and therefore X,—1, we have u,=0. 


Putting u,—0, we have ¢(u,)=a,=snu,. Hence the form 
of the function ¢ is identified as the elliptic function sn. 
Thus we have 


to/1—a,2/1— Kv 2+ a, 1— 2. zV 1— kr? 
sn(u,+u,)= SS eae 


sn ?À, cn 2t; dn U FSN uv, en «, dn Uy 


4.6, sn (v, + Uy) = 1— A? sn? x, sn? x, 


Remembering that 
i TIC = dnu, and y= d 
Sn'44, 1.e. ^ Ra —en U, ,; 8 en'u,— — sn u dn w, 


this formula may be written as 


Sn U4 SNU HSN Uo SRU, 


sn (v +u 
One) = 1— 4? sn*u, sn?w, 


For shortness write sn w,—8,, sn w,—8,, cn 4,—0,, en tig, 
dn u,=d,, dn v,—d, and 1—k? sn? wu, sn?u,=D. 


Then sn(w,4-w,)—($,0,4,4-s,0,d,)/D or =(s,8,+8,8,')/D. 
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[Compare the ordinary addition formula of trigonometry, 
sin (u, -+ wu) — sin wu, cos u,+sin u,cos u,, which may be similarly 
written =s,c,+8,c, Or — 5,8, +8,8; , viz. the case of the above 
elliptic function formula when k=0.] 

1345. To obtain en (w,;-4-,), we have 

en?(u, + u,) —1— sn?(u, +u) 
= ((1 — E?,?5,?? — (s,c,d. + 5,0,d,)*) / D? 
= (c;c — 28,8, c,c, d.d, 4- 2s? d ?d,?)/ D? ; 

*, en(u,4-145)—(0,05— 8,8, d,d,)/D, the positive sign being 
taken because, when w,—0, each side must become c,. This 
may be also written 

en (u, 4-21) — (6,05 — 6,0, )].D. 

[Compare with the trigonometrical formula for cos (u, 4- us), 
which may be written c,0,— 8,8, or €,0,— c, Cg, where c,=Ccos t, 
etc. | 

1346. To obtain dn (u, +), we have 

dn?(u, + u,) — 1— k? sn? (u, +u) 
= (0 +k? 8,s,?)? — E? (0d, + 8,0,,)*)/ D? 
= (d id? — 2k*5,5, cc, dida + kt 8,283 c,*c,?)/ D?, 
and dn(w,-4-2,)— (d.d, — À*8,0, 8,0,)/D, the positive sign being 
taken because, when u,=0, each side must become d,. This 
may be written as 


in (u, +14) = (del, — p dy/d;)] D. 


1347. Derived Results. 
From the three formulae 
sn (u, +uU,)=(s,¢_d, + 8,¢,d,)/D, 
(I), we obtain, by changing 
the sign of w,, 


en (u,+U,)=(¢,c¢,—8,8,d,d,)/D, 
dn (u, +.) — (d.d, — K*s,5,0,0,)/ D, 
en (u, — Uy) = (8,05d, — $,0,0,)/ D, 

en (u, — u) = (60,-+$,8,d,d,)/D, | | (IT). 
dn (u, — v) — (d d+ k*5,5,0,0,)| D, 
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The addition and subtraction of formulae (I) and (II) in 
pairs gives 


sn (u,4-u,)--sn (u4—«w,)— —2s,0,d,/D, 
sn (u,4-u) —sn (u,—wu,)— — 2s,c,d,[D, 
en (u4-u,)--en (u,—«w,)— — 2e,6,/D, 


(III). 
en (u,+%,) — en (u, — u,) = — 2s,8,d,d,/D, 


dn (u,+4u,)+dn(u,—u,)= 2d,d,/D, 
dn (u, 4- u) — dn (u, — u,) — — 2K?s,5,c,0,/ D, 
Replacing u, +u, and u; — u, by U,, U, respectively and writing D' for 
U,-U, ,U,-U, 
1- Ek sn* —L,—3 sn? AP Y have 


sn U,+sn U,= 2 on Dit Uses E Jua py, 


sn U, -sn U,= 2 an Di Vo ey Ui Us an S RAT D, 
en U, 4- cn U,= 2 cn Uit Tien oe D, 


en U,- cn U,= -2 an iT Us gn Pi Us qp Dit Us ay Do Us |p, 
dn U,+dn0,= edn PtU gn i Us /py 


dn U, - dn U,= - 2% ap Dit Ua on Dig T Us Ui Uy 
Again, by division of corresponding formulae from groups (I) and (II), 
and writing f, or tn v; for tan am u, and ctn u, for cot am u,, etc., 


S10, + 86d, td, xtd, 
ME rr 
2 Fsdd, ctnwu,ctnu,*dn w, dn u, 
eta (v £ €) C$ 6d, ecd, ctn & dn w x ctn u, dn u, ` 
1348, Following Cayley's notation (Elliptic Functions, p. 62), with a 


slight modification, let us write 


8,3 =A,, 6047 B,, did, — C,, 


MC, 1 [^NI 1—#s,*s,"= D, 
8:8, =Arn, — 6,03 Bs, ~ pad =C;, di 
P=8,'—8)=c,*—¢,', 
Q=1 - s! — 81? + k*e,'s,* =c,*— 8,°d,* — 0, — 8,%d,*, 
R=1 — s,* — ls," + k%s,*s," =d,* — k*s,°c,2=d,* — k*s,*c,', 
—G¢,=T, 8,¢,d,=U,, 
6G =T, Sd, = U,. 


86464 =8,, 
e k?5,5, =8,, 
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A number of identical relations immediately arise amongst the 
capital letters. We have 

(1) 4,2? — 4,3 — 5,35,? — 5,55,2 — s,* (1 — 84?) (1 — k*s,") — 5,* (1 — 8,°)(1 — k’s,”) 
— (8,* — s,*?) (1 — K55,5,?) = PD. 

(2) B,- B » c,)c,? — c,7c,* =(1 —8,)(1 — 8,?) — 81°83? (1 — K*5,?) (1 — k*8,) 
—(1 —8,?— 8,* + k*5,?5,* (1 — K*5,25,*) - QD. 

(3) 0,? - C? « d,*d,* — K*s,*5,*c,*0,* = (1 — ks,*)(1 — k?sa?) — 158,28, (1 —8,?) (1 — 837) 
—(1 — k*s,? — k*s,? + E*s,*5,* (1 — k*s,28,) = RD. 


A,*—A,?_B,?—B,?_C,*—C,? _ 
Hence UCET = Q ee ee 


Again, 
(4) $,*-8,*—(1—5,?)(1 — s,*)(1 — E*s,*)(1 — ks,?) — (1 — k*)*8,*8,* 
=(1 — 8,? — 82? + k*8,25,*Y(1 — k?s,? — k?5,* -- k*s,%8,2)=QR. 
(5) T, -T,*—5,*(1— £*s,?)(1— 5?) — 5,* (1 — £*8,*(1— 5,*) 
—(5,*— 5,2) (1 — £35, — E15, + 525,?5,?) = AP. 
(6) U,*— U,*—5,*(1—5,*)(1 - £*8,*) — 8,* (1 — 85?)(1 — ks?) 
= (5,*— 8,*)(1 — 81? — 82° + &*5,*5,?) = PQ. 
Hence P(S,3 —9,) -Q(T,? - T,?) = R(U,? — U,) - PQR. 
Also, 
(7) (By + B3(C; — Ce) = (C102 — 5,5:d,d; (d.d; + k35,5,0,0,) 
= C0, d, + b*8,5, (1 — 81? — 8,* - 8,*5,?) 
a7 8485 (1 — £35,* — £354? + 443,28.) — 125,25,*c,0,d,d, 
= (¢,¢,d,d, — k’*s,8,) D — (8, - 8,)D, 
and similarly, or changing the sign of 83, 
A (B, - B,)(C, -- C) - (S, - $,) D. 
(8) (C, C4)( A1 — Ag) =(dyd, — £*5,5,0,0,)( 810.0, — 8260) 
= 8,030, (1 — £*5,*) — $,0,d, (1— E*8,?) 
— 8,580, E! d, (1— 87) - 5,5, * c, E? d, (1— 8,?) 
= (81621 — 8,0,d,)(1 — k?8 18°) — (T, + T)) D, 
and similarly, or changing the sign of 83, 
(€ - C41 A5) - (7, - T.)D. 
(9) (Ay +A2)(By — By) — (8,0304 + 5,010, )(e16 + 882002) 
— 8,040, (1 — $,?) + 5,0,d, (1 — 81°) 
F8, 55,6,d, (1 — K*5,*)  8,5,*e,d, (1 — E35?) 
= (8161da + 5,0,d, (1 — £*8,55,3) =(U, + U,)D, 
and similarly, or changing the sign of s,, 
(A,—A,)(B,+B,)= ( U,- U,)D. 
Thus 
(B,+B,)(C, FC.) (0C,€ C, (4,* 45) (A, +A.)(Bi * B4) D. 


8,48, T,+T, U,+U, 
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With this notation, it follows at once that 


SISTI a oe RR IO! 
_4:-4,_ P | U-U, T,eT, 
Mote rig "IE" IE"SIA 
B, B, Q S, 8, U,-U, 


BRET SAT". Ben (ale UE TE, A, 
_Bı-B:_ Q Sı- S, OU, U, 
a "lin 9 Aaron mor B, 


C,-C,_ MR AE T; 8,48, 


1349. A number of identities immediately appear. 


For example, since 
(B, + B)(4, — A,) - D(U, - U) 


and (B, - B,)(A,+A,)=D(U,+ U3), 

we have B,A,- B,A,— DU, and B,4,— B,A,— DU,, 
ie. 8182- CyCg - 898, 404 = 8,040, (1 — k*s,2s,?) 

and 8981. CyCg H8182. C1 Ca = 8,020, (1 — ks "s,°). 


1350. More important however than such, are the following : 
2A, 


sn (u, + Ua) - sn(u, — u= » Sn(w4u-sn(w,— t)=- ; 
en (uy +U) 3- en(w, — u)- 2A, en(u, + Ug) - en (u — Vy. : 
2C, 2C, 
dn (u, 4 u,)- dn(u, —9,) 775^ dn (wu, +u) - dn (u, -u)= p, 
which are the formulae of Group (III) in Cayley’s notation. 
A,*-A,? PD P  sn*u—sn?u, 


sn(u, + Ug) sn(u, — Ug) = —pD Erin: = p= <= R or (5? —8,")/D, 
B?-B,; QD en?u, — sn?*u, dn?u 
caute) STM) — He) Sy st a eee or (e;* -8,°d,?)/D, 
-0 RD R dn'u,-Esn'u,cn*u ! 
dn (uv) dn (0 - uj) = C OE e Drm m T anre ae tor (dt Baye, 


2.58, 

1 4 sn(u, -u) sn (uy — u,)— 1+ Fates = (es! +8,°d,")/D, 
ae 

1 = SN (uy + Ug) SN (U; — Uy) = 1 — Cu z (ey? - 8d,7)/ D, 


1 4- E?sn (u, 4-u,) 8n (U; — u,) 1 4k? Tm = (d? + k*s,°c,*)/D, 


1—k'sn (u, +u,) sn(u,-—u,)=1-F Em = (di? + ke,°s,*)/D, 
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1 4- en (u, 4- u5) en (uy — u,)—1 + i ET =(¢,?+¢,")/D, 


d,? — k?s,?c,? 
1 — E*s,*s,* 
[1 +sn (u; 4- u;)][1 +sn (u, — 15)] — sn (u; +2) +80 (U; — Ug) - [1 4- 8n (u, + We) Sn (Uy — Uy) | 

= (25,0,d, + c5? + 8y°d,”)/ D = (c+ 8,d2)?/D. 

B, + B, Cı- -0a 8i + S, 

Wm dE La D 
= (5,8, — k’*s,8,)/D=(cycgd,d, — k' 25183)/D, 

0,40, 4, -A, TET, 

D "2.20. 
= (es&1d, — 045,05)/ D, 
A,+A, B,- B, rts 

D D 


1 4- dn (u, 4- u,) dn (u, — u4) - 1 + =(d,?+d,")/D, 


Again, cn(u,--u,) dn (u, —u,)=—— 


dn (v, +e) sn (u, — Ua) = = (eie — €2¢,')/D 


sn (u, 4- u5) cn (uy — u$) = 2 = (8161da +82¢2,)/D, 


and so on for other cases, 

Jacobi gives a list of 33 such results (Fundamenta Nova, pp. 32-34). 
These are quoted by Cayley (Elliptic Functions, pp. 65 and 66) and by 
Greenhill (Elliptic Functions, pp. 138, 139). 

Several have been worked above as illustrative of the method to be 
followed. They are too numerous to remember, but any one of them 
may be readily obtained if wanted. This list we append as Examples. 


EXAMPLES. (JACOBI.) 
1351. In each case the denominator D=1—k’s,’s,*, and the 
previous notation is adhered to, viz. sn u, —5,, sn u,— Sz, ete. 
Establish the results following : 
sn(u;4-wu,)--sn(u,—19,) — — 25,csd,[D. 


MM 


2. Sn (U, -u,) —sn(u,—*5) = 2s_e,d,/D. 

3. en(u,--us)--en(u,— w;) =  260/D. 

4. cn(u; +e) — en (u4 — Ue) = — 2s,5sd,d5/ D. 

5. dn(u--u;)--dn(u,—w,)— — 9did,[D. 

6. dn (u 4-5) — dn (uy — Ug) = — 2k?s18:6;¢2/ D. 

7. sn (uy + u2) sn (u, — tty) —(s*- 8,°)/D. 

8. 1 -sn(u,--us)sn(u,—w,) =(c,2+8,2d,")/D. 

9. 1—-sn(u--u,)sn(u,—u;) -—(ce--5;d,?)/D. 
10. 1+k?sn (u; + ue) sn (wy — u;) — (d?* + k*5,?c,?)/ D. 


11. 1— k?sn (wy + u5) sn (uy — Ue) = (ds? + K?,*c,?)/ D. 
12. ld-en(u, +u) cn (w —u;) =(¢,?+¢,%)/D. 
13. 1 - en(u,-Fu;) en(u, — ua)  — (sd? 4- ?d;?)/ D. 
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14. 1-- dn (u +u) dn (uy — u;) = (dj? - d;?)/ D. 

15. 1— dn (uy + u;) dn (uy — wz) = k? (810 + s,?c,?)/ D. 

16. {1 +sn (w, +u) }{1-+sn(u,—u:)} —-—(c22:8,ds)?| D. 
17. {1 + sn (u, +u) } {1 F sn (w, —u)} = (c1 + s2d,)?/ D. 
18. {1 +ksn (u, -u5)) {1 ksn (u — u2) } = (ds + ksic2)}?/ D. 
19. {1 + ksn (u; + ua) } {1 F ksn (u — ue) ) = (d #ks:01)?/ D. 
20. {1 +en (u, +w)} {1 cu (w —-w)} =(&+¢:)?/D. 

21. {1 +en (ty +u) } {1 Fen(uı—u)}  —(5dsT5:d;)'| D. 
22. {1 +dn (u+ u:)}{(1+dn(w-u:)) =(d,+d,)*/D. 

23. (13 dn(u,-u,)) {1 Fdn (ur —u)} =k" (scs F 8:26,}/D. 


24. SN (uy +U2) cn (U1 — Us) = (810,42 + S202d1)/ D. 
25. sn(u; — us) cn (Uy + U2) = (810,49 — 826d, )/ D. 
26. SN (uy + Uz) dn (u, — Ua) = (S1d1C2 + S2d201)/ D. 
27. SN (ty — us) dn (u, + te) = (810402 — Sad201)/ D. 
28. cn (uy +2) dn (uy — U2) = (c1esd,d — k’*3,82)/D. 
29. cn(u, — tta) dn (u, + We) — (CxCad dy + k8,83)/D. 
30. sin (am (u; + u5) 4- am (14 — us) —25,0,d;/ D. 
31. sin (am (1, -- uj) — am (wy — u3)) = 255c3d;/ D. 
32. cos {am (u, + u;) -- am (u, — u)) —(c;? — 8,°d,”)/D. 
33. cos (am (U, 4-4) — am (uy — Uy) } — (cs? — s,3d,?)/ D. 
To the above list it is convenient to add for reference : 
(a) en(u, +g) en (uy — Ug) — (cs? — 8,3d5?)/ D = (cs? — &,3d;,?)/ D. 
(b) dn (uy 4-5) dn (u; — u2) = (d,? — K35,?c,?)/ D = (d? — k35;*c$?)/ D. 
(c) (dn (u, + tg) 3: en (us + u5)) ( dn (t — Wg) 3: en (u, — ws) ) = (Cida + 03d, )?/ D. 
(d) (dn (ty - u;) 3 en (ty + Ue) } (dn (uy — ug) F en (u, — us) ) = K? (5 F 83)*/ D. 
[(c) and (d) are given by Greenhill, E.F., p. 262.] 
1352, Periodicity of the Functions considered by aid of the 
Addition Theorem. 
Starting with the addition formulae in which D=1 — K*s,*5,?, 
sn (u, + Wy) = (5,050, 3-5,0,d,)/D ; en (Uy + Ua) = (C162 F 5153303)/ D ; 
dn (ty + Ue) = (did, F k*8,5,0,01)/ D ; 
and putting w, =u, u — K, we have, since sn K=1, en K=0, dn K=k, 
sn (u-- K)— (sn u cn K dn K +sn K cn u dn u)/D, 
where D=1—k*sn*u=dn*u=d’, 
i.e. sn(u+K)= > en(u+K)= A, dn(u-K)- 7, 


sn(u - K)- -5, en(u — K)= 23 dn(u-K)=*. | 
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Putting u+ in these formulae in place of uw, 


sn (u+2K)= Fee =-8, cn(u+2K)=-—c, dn(w+2K)=d, 

| en(u+2K) c _ Ks "U^ 
eie AE) LEER) IP en(u4-3K)— d dn(u+3K)=—, 
sn(ut ak) = ES s, cn(u+4K)= c, dn(u+4K)=d. 


Hence the functions have all returned to their original values with 
period 4K. It will be noted that dnu was restored with two additions 
of K, and that snu and cnu took the same value but the opposite sign 
after two additions of K. 

In the same way, since 


sn(K +K’ n en(K +k’) =~", dn(K ++K’)=0, 


we have sn (u-4-K-E«K^) 1. ed[D, where D=1-ks!. iod 
} " d " uk’ y tk’s 
. sn(u+K+tK’) = ke’ en(u+K+tK’) = "fs dn(w--K--.K^) = m 


sn(u--ZK--9.K')— —s, cn(u+2K+2K’)= ce, dn(w+2K+2K’)=—d, 
sn(u--3K +3K’)= bs en (u +3K -3.K^) — iE dn(u--3K --3.K^) — 2 


sn(u+4K+4:K")= s, cn(u+4K+4:K’)= c, dn(u+4K+4K’)= d, 
and ali the original values are again acquired after an addition of 
4(K+.K’), and it will be noted that after two additions of K+K’, 
en u resumed its original value, but sn u and dn u resumed their original 
values with the opposite sign. 

Writing u— K for u in the several cases of the last form, 


, Nie Sa,” ^T. , T Md j p 
sn (u +K’) — ken(u- KY ks’ en (4 «K^) Eb: dn (u (K^) = 


sn(u+K+2K’) —-sn(u- K) = oo en(u+K+2K’) = ig dn(w+K+2:K’) =- 
d d 


sn(u+2K + 3K’) --R on(u+2K+%K’)=-%2, dn(ut2K+3K")= “ 


sn(w+3K+4:K’)= sn(u— XK) =-5, en(u+3K +4K’)= =, dn(u+3K+4:K’)= d 


the last three being the same results as for the functions of u+3K. 
Again, writing uw — K for u, 


sn (u+ 2K’) TR. —8, ' en(u+2K’) =-¢, dn (w+ 9. K^) zd, 

; d j tk’ E ik's 
sn(u+K+3:K’) wi en(u4- K - 3v K^)— ze dn(u+K+3:K’)= sea 
sn(w+ 3K’) =} mh en (u 4-3 K^) & 5, dn(w+3K’) = <, 
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Writing u+X for u in the functions of u+ K +K’, 


sn(u+2K+4cK’) = eee en(u+2K+cK’)= A dn (u+2K 41K’)= - 7 
sn (u+3K -.K") --hmürE)"i en (u -3K +:K’)= E. dn(u+3K +:K’)= 2 


Writing u+ K for u in the functions of u+2K+2K’, 


sn (u+ 3K --29.K^) 2 -sn (u+ K) =~, on(u 3K (AK) -- Fs. dn(u 1 3K 49K") - -? 
d [ 


1353. We exhibit these results for arguments of form u+pK+qK’, in 
tabular form for reference. 


If A stand for the word denominator we have, tabulating the numera- 
tors only and indicating the several denominators, 


+0..K’ 
TK" 
T2. K" 
T3(K* 


HACK" 


If, for instance, dn (u 4- 29K +3:K’) be required, we look in the group of 
the third column and fourth row and find numerator —:Kkc, denominator 
= ks, and the result is t en u/sn u. 

The vertical order in each square is sn( ), en( ), dn( ), A. 

The fifth column and fifth row exhibit the fact, that after an addition 
of 4K or of 4.K' to the argument, each of the functions returns to its 
original value, and shows their double periodicity. The value of any 
function of the forms 

sn(u+pK+q@K’), cn(u+pK+q@K’), dn(u+pK+qK’, 
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where p and q are integral, can now be written down ; e.g. 
en(u+5K --11,K") — en (u 4- K -3 K^) — «X fke. 


The tabulation is given by Cayley (E.F., p. 77) with a slightly different 
notation. l 


1354. Putting w=0, all the functions in the table for which A=ks 
become infinite. 

There are four such groups, i.e. twelve of the functions. Cayley points 
out the importance of their ratios even when themselves infinite, and 
writing I for the infinite factor 1/ksn 0 we have, remembering that c—1 
and d —1, in this case 


sntK’ entK’ dn eK’ _sn(2K ++K’) _on(2K +4K’) _ dn (2K ++K’) 


L6 d —tk -1 t —k 
_sn3eK’ cn3uYK' dn3K' sn(2K+3:K’) cn (2K-3.K) dn(2K 43K") y 


1355. Formula for sin2u, etc. Duplication Formulae. 
Putting w,—w4—v in the addition formulae and writing s, c, d, D 
respectively for sin v, cos u, dn u and 1 — k? sn, 
(1) sn 2u —2scd/ D, (2) en 2u 5 (c? — s*d?)/ D — (1 — 28? + K*5*)/D, 
(3) dn 2u — (d? — k*s*c*)/ D =(1 — 2k?s? + &?8*)/ D. 


Hence we deduce, writing t= tn u= sn u/en u, 


(4) 1-- en 2u — 2c?/ D, (5) 1 en 2u — 2sd?| D, 
I - en 2u 1 - ed? 
(6) l+cn ae 17) e 2u — lady 
(8) 1 4- dn 2u — 2d*/ D, (9) 1 — dn 2u = 2k*s*c?/D, 
1-dn2u EK d? — k2s%c* 
(10) 1T angu 7 di? (11) da Qu apace 
l-dn2w ,,, -—"" 25. cu 2u+dn 2u 
(12) irah 70 ve e-1- Vea oe? 
l+en2u_ c* l4cen2y , Kc k” 
(13) idn Qua (14) 1-Prldngs T m 
k +dn 2u- k* cn 2u k^ 
1+dn 2u B 
l-cn2u _ zi .,, k?4+dn2u+k’cn2u — 
(15) l-e ringu !|-""-4. t.e. Dair. i ai 
cn 2u +dn Qu _ 
(16) cn 2u+dn 2u —2c*d*/D and RIT ie 


(17) From (15) and (16), 
sn?u — cn?u M dn?u 1 
1-en2u cn2u4dn2u k?4dn2u4Ecn2W^]-4dn2u' 
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1356. Dimidiation Formulae. 
By writing 5 2 for u, we have 


l-enu ," cenu4dnu ou _k?+dnu+k? cnu 
ee eee. MM ae On UTE DM 


uc 
E = 
- ~“T+dnw we l+dnu ’ 9 l+dnu 


1357. Again, since 
dn 2u — cn 2u —2k^?s8*/D, 1+en2u=2c?/D, 1+4+dn2u=2a?/D, 
k?+dn 2u—k? cn 2u=2k?/D, 
NM C. mut eee k^? j 
dn2u—cn2u l+cn2u l+dn2u k?+dn 2u- kcn Qu’ 


we have 


and putting 3 for u, we obtain further formulae for sn = en > dn z viz. 


2 
a“ dn u—cnu eni k^ (1-- en u) d to k?(1+dn u) 
k?-- dn u - kenu’ 2 k®+dnu-kenw Fo dnu-Penv 


1358. Triplication Formulae. 
Writing u=, w,—2u in the addition formula for sn(u, +u), 
sn 3u — (sn u cn 2u dn 2u+sn 2u cn u dn wu) (1— K?sn?u sn?2u), 


and substituting for sn 2u, cn 2u, dn 2u their values from (1), (2), (3) of 
Art. 1355, we obtain, after a little reduction, 


sn 3u/sn u= (3 — 4 (1-- k?) s? + 64?s* — k's} D', 
and similarly cn 3u/cn u= (1 -- 4s? + 6K?s! — Ak*s? + k4s8}/D’, 
dn 3u/dn u= (1 — 4K*s? + 6k?st — 4k?s8 + Kis5)/ D', 
where D' —1 — 6k?st + 4k? (1 + K?)s^ -- 34585, 


Cayley gives also the following results, which may be verified without 
difficulty : 


1-sn3u z t " mw D= " : 
fm. z(1- —95-- 9/28 — Be) ; Ee" D' «(14-25 - 2k 8 — kst’ ; 
]-ksn3u. 1 pest; n W 


The formulae for sn Au, cn Au, dn Au for the cases A=4, 5, 6 and 7 are 
also given by Cayley (EU. F., pp 78 and 81 onwards), but these formulae 
rapidly become more and more complicated. According to Cayley the 
cases A=6 and A=7 are due to Baehr (@runert’s Archiv, xxxvi. pp. 125 
to 176). 


1359, Dimidiation Formulae for the Periods. 


Je EE on? CD i dn v dn” £?-- dn w+ Pen u 
+dn w’ 2 1+dnu ’ ue l+dnu” 


give many results for the functions of v +p +q = , pand q being integers. 
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Putting w=0 in the formulae of the table, and therefore s=0, c=1, d—1, 


NP: I-enK 1 . nŠ sae ied Jk 
2 I-dnK VIFK’ I-xdnK ^ JirE! 
: K- 72 2 
dn k +dn K +k enK Jp 
l+dn K 
LK’ Senk T3 1:558 
mg Tidak UNG Tre AH =p | 
LK’ mK ån K ,/—cI - kl Jk 
TY M T+dnek’ Vt? {are e i 
3 de K* _ A JK?--dncK* Een cK’ | EA ku ——r 
RE. -N I-dniK* mun nae psrck 
x2. l-en(K44K) Aki TE 
iis I1+dn(K+etK’) Jk =o VIF WI b; 
SEDE, ARGUS (K+tK’) 
"ELIT Ixdn(K4K) 
" 4 1 
aN a NE (eost + esin ®t)’ = EC; 
WEHE JE Fdan (KFK) + honk +1K) 
Age 1+dn(K+"K) 


SVENE = | TFE- WIE]. 


The reader will find no difficulty in completing for himself and 


tabulating the various 


results for the cases p—0, 1, 2, 3; q—0, 1, 2, 3. 


Such a table is given by Cayley (E.F., p. 74). 


1360. We now have 


sn(u+%)- Ar GH + Te k's+cd , 
a 1- pg. CAE eS 

IrE 

k 

( Nego z^ EE a 
- w+5)= 1 IHE +k’? 

bi E 

IFF 

VE 

PY te seed ETE TFE ypt- -ee 
pa EPT etig’ 

1+k 


with many similar results, and such results may be thrown into other 


forms. For example, we may show that 
K\_ 1 d+se(l+k) ( == KE -ke 
(utg )= y Vxor wa ELE. eee 
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1361. Other formulae may be obtained by direct application of the 
dimidiary formulae to the results for 2vu+pK+qtK’, e.g. 


sn 2u 
dn 2u’ 


1—en(2u+K) dn2u+k mis 
la-dn(2u2-K) dn2u+k 


and many other formulae are similarly obtainable. 


sn(2u+ K)- 57 o. en(2u4- K)— — Kk dnQu- K)- XL... ; 


whence sn?(u +5)= 


1362. A General Proposition. 
Let U be a function of three variables ¢,, $,, $,, between 
which there is a connecting relation, viz. 


dp,/AP, - djs AQ, 4- d$,/ AQ, — 0, 

and suppose the function U to be such that when any one of 
the three, say $3, is regarded as a constant, then U vanishes in 
one of the two cases d id Pz $4—0) or ($,— $,, $,—0), and 
provided also that 2- AT AQ,— = 
always. ^ $z 

For if $,—const, d$,—0 and d¢,/A¢,+d¢,/Ag¢,.=9, ie. 
d¢,/Ap, = —d¢,/A¢,=A, say, and this would have been equally 


true if the connecting equation were 
pie AQ, - d$, /A, —d$,/Ao,— 
Ni. ,.2U = 
A Aapa say. But in the case a $3 0), 
U=0; ; C=0. Therefore U vanishes. 


Ag,, then U must be zero 


But 


1363. Case I. Let 


. (*dé _ (^48 . [^48 ^ 
=f’ Ae’ “=f Ap) “= , AÓ and Usu,+u,— 
a ES dk alic VEA. 
Then Su, uy 9$, Ad,’ ap, ay ee 
and ns fF oe 35, A -1-1- EY 


25 

Also, if ¢,=¢, and ¢,=0, we have u,—u, and u,—0, te. 
u,+u,—u,=90. Hence the conditions of the general theorem 
are satisfied, and u,+u,—u,=0 always, ie. according to 
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Legendre's notation F$,--F$,—F4$,, which is the addition 
formula for the first Legendrian Integral. 
That is, F (am u,)+F (am u,)=F (am u). 
Another mode of treatment (Art. 1342) of the equation 
d$,/A9,-4-d$,[^o,—0 led to the result that 
sn u; cn u dn U, +SN U CN v, dnu, —. 
1— k? sn*u, sn?u, — 
when ¢,=const., so that w,—const.; and as (w,—w,, u,—0) 
satisfies this, the constant is sn u,, so that 
8,¢,d,+8,¢,d, 
1—F’s,*s,? ’ 
1364. Case II. With the same definition of u, u,, ùg, and 
taking 


Uu, +u —sn^! as before. 


$1 $s 
=Í Ao de, »=|"A0 do, v,— "A0 ao, 

0 0 0 
and U &v,--v,—v,— k? sin $, sin $, sin gg, then, proceeding as 
before, 
9U , 1 : i 
99, A¢,— A¢g,=A¢g,[Ag,—# cos $, sin pasin $5] 

—A¢,[{Ad,—F* cos , sin $, sin ds] 

— (A94)? — (Ag) — k sin [Ag cos ¢, sin ¢,—Ag, cos pasin $,] 


—(1— 125,3) — (1 — 8s, — BD red — 8,0,d,) 


— K?[(s,? — $,?) (1 — K?s,2s,?) +8,?(1—s2) (1 — K?s,?) 


— s, (1— $2) (1 — ks) ]/(1 — K?5,25,?) 
=0. 


Also, if e 0, v,—0 and if $,—4,, v,—v,, and .. U—0 in 

this case; .. U=0 always, and 
"S U,+0,—0,=F sin ¢, sin $, sin $,; 

and writing v,— E$,, v,—Eo,, v,—Ed,, viz. the Legendrian 
notation, E, J- EQ, — EQ, — K* sin ġ sin $, sin $,; 
and since $,—am «,, $,—am w,, $,—am u,—aim (u+ u), we 
have 

E am u,+ E am u,— E am(u, + u,) — K? sn u, sn u sn (u, +t), 
whieh constitutes the addition formula for the second class of 
Legendrian Elliptic Integrals. 
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1365. Case III. Let 
dé 
o (1+ sin?6@)A@’ 


where ¢,=am w,, etc. Then, putting 


w,=ete., w,=etc., 


dR 
=w tom |, an — (n4- 1) (n4- K?), 


n Sin 4, sin $, sin Py 
1+n—n cos ¢, cos $, cos hg 


we may verify as before by the general theorem that U=0, i.e. 


R= 


1 
II¢,+II¢,— I ——7- tanRJa or Faz tanh RV—a, 
which is the addition formula for a Legendrian Integral of 
the third class (see Cayley, E.F., pp. 104 to 106). 

The work of this verification is necessarily somewhat 
cumbrous, and it is found best to proceed to discuss the Third 
Legendrian Integral II(0, n, k) after a modification of its form. 
Taking 0—am ų as before, Bm Let n= — k? sn?a, 
à being not necessarily real; then the siad c^ integral is 

du 
II(6, n, k)= [ 1— E? sn*a sn*u 

But instead of considering the original function II(0, n, k), it 

is convenient to consider a somewhat different form II(u, a), 


“ Asnacnadnasn?u du 
anad aa u f 1— k? sn*a sn*u 


The connexion between II(u, a) and TI(0, n, k) is then 


i. * — sin?9 d0 
II(u, a)=k? snacnadn aĵ (1--nsin’@)Ad 


M af’ (1-- n sin*0)—1 55 


=> snacnadn o (1-+nsin?6)A@ 


=£ snacnadna{F(6, k)—II(6, n, k)}, 


and the new function is proportional to the difference of the 
first and third Legendrian forms. 
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1366. Jacobian Zeta, Eta, Theta Functions. Introductory. 
These functions, denoted respectively by Z(u), H (u), O(w), 
are defined as 


Z(u)= =|" (dn’u— P3) du, Ou mZtu) o7 VE 


with a constant of integration in the second case, such that 
@(0)= 2k K 


E, in the prsa of these Jacobian Elliptic Functions is the 
complete Legendrian Integral of the second kind with limits 
0 and 7/2 (Art. 375). 


1367. Obvious Elementary Properties. 
Clearly Z(0)=0 and Z(—u)=—Z(u). 


Also Z(u) nl Re]. dn?u du- | A0 d0 — E(0)— E(am u) 


„and k being the modulus in each case. Also 


in the Legendrian notation, t.e. Z(u)— E(am uiu in that 
notation. 
Again 


e()- a Josse a Hu) | E an uh £0 


Also G(—u)—4 Lu Mis N. =e Me ou AR 
H(—u)=/Vk sn(—u)O(—u)=— Vk sn u O(u)= — H (u). 
Also H(0)—0 and Lt. ,8u. $55. 


Thus Z(u) and H(u) are odd functions of v, and @(u) is an 
even function of v. 


1368. Properties of the Second Legendrian Integral. 
O 9f, aed0— — ['Axàx @=—y), ——59 


(ii) E(rs:9)- | i Ae dà—( (p "aede 


«T +”) Ax dx, (0— v -- x in second), —2E, + Eg. 
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(iii) (27+ 9) —2E,-4- E(v x 9) —4E,2- E(Q), and generally 
E(mm x 9)—2nE, 3 E(Q), ie. E(nr+am u)—2nE, + E (am u). 


(iv) Again, with u=[ 1$. =f A d$, 
mm 0 
=amu, v=E (am vw), 


and if 0—0, u=0 and v=0, £e. E(am 0)=0; whilst if 0=5, 
u=F,=K, v=E,, ie E(amK)—E, 


(v) Moreover E (am u)+# (am K)— E am(u+ K) 
=k?sn usin Z 9 5n (u-- K)— eae, 

nu 
j "E | jon v en u 
. Eam(u-.-K)—  E(amu)J-E,—k Mim 
snwucnu 


Also —Eam(u— K)— — E(am v) E,--8** 


1369. Addition Formula for the Zeta Function, etc. 
The formulae for dn(u--v), dn(u— v) of Art. 1347 give 
; ep AT882 V en u dn vu sn v en v dn v, 
df (wheelie (1 — &*sn?u sn*v)? ; 
and integrating with regard to v from v=a to v=u, 
Uu v=u 
[2-909]. [2-92] 
oe | 


2 
~ sn?uL 1 — P sn?u sn?v |, 


(209.9 2u—Z(u-+a)— gua) 


E E, 
{2(0)+3.0-Z(u—a)— 2 (u—a)} 
2 sn u cn u dn u E uw E s 
(rra 1— fat t.) 


"E sn*u 
sn?u — sn?a 


ETLLLL dn u —8 
l1—Esnu '1—X!sn*asn*u 
= — ksn 2u sn (u-+a)sn(u—a) (Arts. 1351 and 1355); 


Z(u-- a)H-Z(u—a) —Z(2u) -- * sn 2usn(u+a)sn(u—a). (I) 
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Putting a=0, we have 
Z(2u)—2Z(u)— —K*sn2usn?w. ............... (II) 
Adding 


pem - i sn?u—sn'a —— tu} 
Z(u-F-a)-- Z(u—a)--2Z (u) Ben 2u [ ufa gent 
tpn 2u 9*8 (1— Pent) 
= sn 2u 1— k?sn?u sn?a 


gj 48r w en u dn u sit” a, 


ie. Z(u+a)+Z(u—a)—2Z(u)=— 1— Bsn*a Sn*u 


; (IIT) 


and writing u-- a—1W,, t, —a-—1w,, 2u—1,-|-u,, Eq. (I) becomes 
Z(w,44-14,) —Z (4) 4-Z (u,) — ksn uw, sn w, sn (w+ w,), (IV) 
which constitutes an addition formula for the Zeta Function. 


1370. Substituting for Z (u) its value E (am v) u, we have 


E (am u,)+ E (am u,)—E(am u, 4- u,) — K*sn vu, sn ug sn (u, 4- to), 
viz. the addition formula of the Second Legendrian Integral. 
If in (IV) we write u,-]- u,-- u,—0, we have the symmetrical 
yi Z (u4) 4-Z (u;) 4- Z (u,) — — K?sn u, sn u, sn Us. 
1371. From (III), we have at once 
O'(u+a) , O(u—a) _99™) © (u) 


24 
oge SR U cn u dn u sn*a 


Gluta oluan DW "A pna ' 
1e. og 2 Sea 2 (s a aD = TY [ioga — k?sn?a sntu) | ; 
ik pues GN0)— 1—Esiigsnfu. ......(V) 


1372. If we integrate with regard to a, instead of with 
regard to u, from 0 to a, 


log grat 1) BaZ(u)— — I (a T AA (VI) 
and interchanging u and a, 

ee ama) e) I gum (VII) 
ie. II (u, a)=log et” Eire UE 
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which expresses the Legendrian Integral of the Third Kind in 
terms of the Jacobian Zeta and Theta functions. 

There are in this form two arguments only, viz. v and a, 
instead of the three, 0, k, u, in the Legendrian form (see 
Greenhill, E.F., p. 192). 


1373. From (VI) and (VII), 


II(v, a) — II(a, u)=uZ(a)—aZ(u). ......... (VIII) 
Since = [I (u,, a)=u,Z (a)+ log Stat) 
TI (t, a) wZ(a)--log oec, 
and = [I (u, +u, a)=(u,+u,) Z(a)+3 jog St Mo 0) 


O(u,+u,+a)’ 

we have II (u,, a)+II(u,, a)—Il(u,+u,, a) =} log Q, 

Q - 9(4—a)9(u, —a) O(u, + u - a) | (IX) 
O(u, +a) O(u, +a) O(u,+U,—a)’ 

which is a form of the addition formula for the Third 

Legendrian Integral. Various forms of the function Q will 

be found in Cayley, E.F., pages 157, etc., and The Messenger of 

Math., vol. x. (Glaisher). 


where 


1374. In this brief notice of these important functions, we 
have in the main followed the course .suggested by Dr. 
Glaisher in his note in the Proceedings of the Lond. Math. Soc., 
vol. xvii. 

1375. Integration of Expressions involving the Jacobian Func- 
tions. 

[We shall write s, c, d for sn u, cn u, dn u respectively when desirable 
for abridgment.] 


(1) fsnudu =- denu J denu M^ 4 | kenu 


n E Á z—-Si h^ 
J1— Esn?u Vk? + k* cn? u p" k 
hm im i jog 9 “+ k en Mat log N TE or other forms. 
(2) [o udu = A ss = : sin! (k sn u) = i cos7! (dn u), or other forms. 
—ksn?u 


(3) IET - ILE u. 


(4) f sntu du = pf ài du plu- Bam u)= [n (2 7 3 


WWW.rcin.org.pl 


518 CHAPTER XXXI. 


(5) f en?udu= pj (nhu 9) du= 7 (Bam u-ku)= C (e u)- ku}, 


6) | dn?udu= Ram uc-Zu4 Tiu, 
(6) K 

| d(cn u) (1 - c?) dc 

3 TES Scit Led uh e P EL ES EL 

(7) f sn u du = [9 TO Ba 


by de 1 I3 l+% . ake 
--n| grrr tp) ere de= — 2B sinh LIBI 
(1-5)ds | ke 
(8) fentudu = JETE (4-89 - 7 gs) 
2k?—-1 . 
apedt 3B sin^ (ks). 
2-k p 
(9) f anĉu du= [ 0 -656)a6-* P 94% si n20- g amwut;snucnu, 
ete. 
(10) --{ — which su ios uttin sd. whence 
snu (1- e) JE x ga eet ie 
dy =~ 5, du, & AE e y?), à (jh - EP) +Y) ; 
du — [8a "s i 2 Alaa) 
snu - | {a= “SINY -eosh (£)- -cosh k'snu/ 
4 -1 ; dm 
an fa. Putting y=- , dy= =k? — dun e E pred gS-BÜS 
du 1 a _ı/dnu 
mnu” TS 'y=p eo) 
Th cosec? 9 dà hi cotü — 1.1" 
a» fe. 3 l- aaa =| Seek - ial aed ep " M 
Qo 8 d cd cid? 1 
1376. Again dui log nu = L prine pape uu pes Ps —3, 
d: d sd etd? k? 
dat 08 Cn Y= -i See te ae a 
d? ,4 sc Le a k? 
gps dnu= - B3 272 roq-@. 
Hence (1 JE 5; EY a Nan. 
sn*u sn u 


asses 1 * 
o f ass" cnu —za(Hamu-k u). 


k? snucnu 
as) fas, k? dnu | +p; Hamu 
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1377. Other positive or negative integral powers of smu, cnu, dnu 
may be integrated with regard to u by the reduction formulae 
of Examples 24, 25, 26 at the end of the chapter, which can be 
verified at once by putting respectively P-s"—ecd, c"—!sd, d"—!sc 
and differentiating. 


1378. Again, by aid of the Period formulae of Art. 1352, viz. 


¢=sn(u+K), $= —Len(u+X), l= pan(u+), 
* =ken(u+iK’), oF en(u tek’), =- -i dn (v 4- «K^, 
P -ksn(uK44K), b-— B en(ukK44RK), $= J dn(u+K +k’), 


we may readily deduce the integrals of integral powers of 
Au pw NE. 


- -— - 


d' 8 - Uca e 


Thus, for example, 


cn?w . M h 
TE du= f sn (u-- K) du— y (u-- K) - E am(u-- K)) 
-as- Eam uw IP? Ty + const, 
1379. Again, since 
“k’sn?u sna cna dna ena dna 1 
Iv, a)= f 1- Ean?a sn?u d= sna f Esniasn?u 1 )du, 
“ du sna 
WF haro 0 I-Bensaeniu " ona dna || a)+%, 
du sna ] 
ie f" meth ipksnasnu | [ edes Is alta F 
whilst 
“ du f du =f" 2k sn asn u 
o l—ksnasnu Jo l+ksnasnu Jo 1—K!sn'asn*u 


kena [*, —— yo 
n il (sn u4- a 4- sn u — a) du, 


which is integrable by (1), Art. 1375 ; whence by addition and subtrection 
the two integrals 
l . du " du 


——,r———-— are determined. 
Jo l-ksnasnu o l+ksnasnu 
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PROBLEMS. 


d sn u 2 


l. Show that jc udnu onZurdniw ^ [Ox IL P., 1903.) 


2. Prove that 
(a) Jd — k? sn* u) (K -- dn 2u)/ 1 +k =1-(1-F/)sn?u; 
(b) (en 2u + ck’ sn 2u)(1 — k? snt u) = k' sn u + cn u dn v. 
3. Prove that the equation of the osculating plane at the point w 
on the curve z—a sn u, y - benu, z=cdnu is 


© VS on Big 0 13 ouf uin dnt eb 
4 Kk’? sn* u j^ en "4 - dn u=k?, [Ox. II. P., 1902] 


uz 
4. If u= | {(a? + c) (02 4- 22)) t a dz, show that 
0 
z —b tn u, (mod. Va? — 02/a), a >b. (Ox. II. P., 1902] 
5. If the functions sn v, en v, dn u be defined by means of 


d d d 
;snu—enudnuw, —--enu- —-snudnu, ;-dnu- —ksnucnu, 
du du du 


sn.0'=0, o0021,. dn0z1, 
prove that (i) dà?uz1- JP?sn?u— 1 — A? +k? en?u ; 


2 Snueneo--enausn?. A 
(ii) is a function of u +v. 


dn v 4- dno 
e [Ox. II. P., 1901.] 
= dz 3 
6. If z/2 -4/3 = cos T fa the differential JiraBJ8.n P 


, find the values of a and a. 
[Carvus, 1885.] 


transformed into SSS 
~l - sin? a sin? [o] 


7. Prove the following results : 


y K 3K K49&K | 3K+AK'| K’ 2K+K’ 
2 2 2 2 2 2 
x 1 1 1 1 + "T 
NEFESTE a pna A/1 — 4 Jk Jk 
^ 3.K* 2K+3:K’| K+tK’ | 3K AK! | K+K’ | 38K+3:K’ 
3 2 2 2 2 2 
ED A Ek’ E-k E- | [Exe 
"M wu JE | k | 4! k k | k 


and find the values of en u, dn v in each case. 
[See Table in CAYLEY, Z.F., p. 74.] 
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8. a tan 4r sin $ — sin e M I 2/13 2, prove vé" 


"AS 37s J, Jr pr aspe, oad Rees eT 
(Mara Trier., 1896.] 
9. Prove that en 14K' dn HK’ + sn &K' = ~- (1 + VENI +k 
and dn 1K' - sn LK' en 3K’  - (14 V1 +h} Jk. 
(Maru. TRIP., 1896.] 
10. If tnu, 27; dny, tnu, — 7T, dnu, dn u =D, dnu, — D,7, 
show that 


T, 4 T, 2tnudnu 
(i) tn (1) = DTT and (ii) tn 2u — 1 — ea dni. 
11. Prove sin [am (u +v) 4- am (u — v)] 2 2 sn ven udn v/ D, 
1 +dn (w+) dn (u — v) = (dn?u + dn?v)/ D, 
where D — 1 - k? sn?u sn?v. 
Prove that 
K 1 k's 4 ed 1 d+(1+k’)se 
12. ^ AER RR se EE o hah iu 
m5) = JixPlI-ü-F)s JIXP cra 
"WC d+(1+k')sc | [dn 2u +k’ sn 2u 
 J1«-EK Nde-(1-E)s ~ k-dn2u ` 
KE [Cavrxx.] 
K k' c — sd 
13. en (u+5) = RIS OSM 
E i — k's? , /l—sn 2u 
1+k tud "od k +dn 2w 
14. dn (weg) =E IT ee NE a 
; [1 +k dn 2u - k? sn Qu 
ae da ae 1 
IN 1 (L+k)s+ud_ 1 (lL +k)s teed 
m ei (ut Jaz — lk ——Jk NIFE- cd 


1 /ksn 2u+edn 2u 
~ Jk V sn 2u—cen Qu ` [Cavuey.] 


16 T beee d Pru — ks? 
i en ( € 4- «d 


a NIIS M -k c-ud 1 /dnQu+ken Qu 


I+k cud JE Von Qu+csn Qu’ 
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d— m 
17. dn(u+! 3)- -Jl ck =J1l+k i 


" fe sn 2u — ven 2u — ik dn 2u 
a sn 2u — ven 2u ; 


18 reed E one -k's + cd 
Pipe 1—k(k+k)2 


ou ck’ c (k— bet [E de 5 uk EXIT (k — ck’) sd 
~ dake — C (k+uk’)sd 
age: k en 2u+ ck’ 

Ei 3 en 2u + ck’ sn 2u [CavLEY.] 
19. Show that 


d d? d 
loge= - īa a, log d= sed, 


" d 
(i) Sq -e 35 


(i) & x id= cd ed, 
(ii) si d T -à- sd, 


(iv) dn?(u 4 .K) 2 d* + £ (5). 
k PAE a AE 
20. Show that sn?(u, + u,) — sn? (u — u,) = 2 Ou. 1 — K2525 
1 14 


21. Show that - 


(i) f ECET — log en u, 
* [l -dn Qu 
(ii) f MEDI = - Flog dn u, 
T+on2u , _ 
(iii) f 8n UA 13 dn Qu du — -y l logdnu, 


- sn 2u K 
CE lc-k 
(iv) [. ali snout pog [y 1+k sn (u+5 3)! 


22. Find the values of 
(1) fen udu, (ii) las du, (üi) pint A " du 
23. If I, a= fn u)"du, show that 
(n +1) BLAS — 2 (1 £2) Z,, + (n - 1), S = tcd. 
24. If y= f uy^du, show that 
(n + 1), 4 — n (k - £9) 1, — (n — 1) 2T, 4 = cn713sd. 
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25. IE I= [an u)*du, show that 
(n 1) 444 7 n(12- £2) Z, + (n - 1) EI, , = Ed" sc. 


26. 1t I= (au) w show that 
gcn-1 
dn d 


(n 1)81,44 — (04-22) Ip + (0 = 1)1, e= - E 


and obtain reduction formulae for K = y du and faz similarly. 


27. Prove that 
1 +dn(u+v) ,,snucnv-snvenu 


ar 


sn (u +v) dnv—dnu 


[M. Trip. II., 1915.] 
dn(u—v)-en(u—-v) dnuenv—enudny 
sn (u — v) $ sn w 4- sn v 
[Sin J. J. Tuomson.] 


(i) 


28. Show that sn (w, + to) 
G Sul, + 8x0, 80g + SoCo, _ sicud) + 86d,  —— s?*-sj 
1-535? —cqQnssdd, dido +A?S SoCC 503—504, 
[M. Trip. IL, 1889.] 
29. If uj, uj, uy, v, be any arguments, and ~, y, z respectively 
denote 
sn(w,— w)sn(w,—w,) SN (U4 — Wo) SN (Ug —w,) sn (wu, — Ug) SN (u, — Uy) 
sn(u,-w,)sn(w, +g)’ su(w,w,)sn(u, +14)” sn (u, + g) 5N (v, + ttp)” 
prove that rtytet+aryz=0. [M. Trip. III., 1885.] 
30. If a, denote the function 
sn (UA — Up) en (ua + U,)/en (ua — Uu) SN (uy + Uy), 
then 24,7 poi qg% otosta] + Tyros + Tagtgy + Xqg%Q= 0. — [M. Tare. IL, 1889.] 


31. Find the values of fan way fas | 


enu 
dnw’ Jsnu 
[M. Trip. II., 1888.] 


32. Prove the formulae 


(i) 3|dn*u du — 2(1-- k?) ezn u + k? sn uen u dn u - k'u, 


(i) gs[2* 9 ern (ut kc ue) 420%, 
]4snu enu 
K A 
(iii) x. snudu= à log had 


where eznu= F +znu, and zn u is Jacobi's Zeta function Z (u). 
[M. Trip, II., 1888.) 
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33. Show that sn(z-- K) ^, sn(z-- 2K) — — s, sn(uz) =ctn(z, k’). 
[M. Trip., 1876.] 
Prove that, if D—1 —- k*s,*s,?, 


34. (i) en(u, + Ug) en(u, — Uy) = (c? - 8,7d,*)/D = (c? - 8,°d,?)/D ; 
(ii) dn (u + t) dn (u — w) = (d? — £25,2c,2)/D = (d,? — K9s,2c,*)/ D. 
35. (i) en(u, + tg) en (u — Uy) + sn (v + Ug) sn (u; — Uy) 
= (cj? — s,2d,?)/D ; 
(ii) en (u, + %) en (u — Uy) — sn (Uy + Uy) sn (v, — Ue) 
= (e? — s?4,5/D ; 
(iii) dn (u + uo) dn (u, — up) + A*sn (u; + uj) sn (t4 — My) 
= (d? - k*s,%e,?)/D ; 
(iv) dn (wu, + ug) dn (u, — to) — K*sn (uy + Ue) sn (u, — v) 
= (d,? — ?s,%c,)/D. 
red l-sn(u+a) fsn(K—a)-snu)? 
95. [0 ; E EE 4 
i 1 - ksn asn (u + K))? 
(i) 1- Vas a) 1 mU aor i fi | T 


" 2 sn u cn u dna 
37. (i) tn(u 4 a) - tn(u — a) ar mee 
we ^. 2snacnadnu 
(ii) tn (u +a) -tn(w- a) PEP E P 

38. Verify the identity k*k’2S — k20 + D — k'?=0, where S denotes 
the product of the four sn functions with arguments utv, wt, 
C denotes the product of the four cn functions and D the product of 


the four dn functions with the same arguments. | (M. Tnrr. II., 1914.] 


39. Prove that the length of the curve of intersection of two 
right cireular cylinders, whose axes are at right angles and radii 


5 1-Ksint¢ i 
i 2 — g2/p2 - ; 
a, b (a — b), is saf G sin? $) d$, where k?=a?/b?; and verify 


the result when a — b. [Sr. Jonw's, 1886.] 


40. Prove that the relation 
ENT LL. T^ dz 
(t-590-x5)*. (1-250 - Ez)? 
where M is a constant, can be satisfied by an equation of the form 
yV =U, in which U, V are integral polynomials. 
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41. Show that the envelope of 
yen u dn u + k sn?u) - z(dn u - k en u) sn u 2 aksn u 


$ M $ 
is bP + Qe ac 0, where pi. * (43) =], gt (9) =], 


[This is St. Laurent’s result for the caustic by refraction for 
parallel rays falling upon a circle. See Heath’s Optics, Art. 108.] 
42. Show that the envelope of the straight line 
Kk? sn u+ (cn u + kdn u) y =k sn u(dn u + ken u) 


1 p2 y\57? à 
is e|: = (i) ] Zr - yy! | - 
[CavrEv on Causties, Ph. Tr., 1856.] 


43. A particle under the action of a central attraction 


la 1 | 
fl ET 


moves from an apse at distance //(1--e) with velocity Vu(1+e)/e; 
show that the orbit described is //r — 1 - e cn 6, mod. 1/2. 
[Tair AND STEELE, Dyn. of a Particle, p. 393.] 


44. Show that Euler's Equations of motion of a body about a fixed 
do 


point under the action of no forces, viz. 4 sar - (B - C) «4o, = 0, 
i -(C-A)ow,=0, C— -(4-B)w,o,—0, are satisfied by 


9, — a sn A (E — 7), v, —b cn id - e 9s — c dn A (f — 7), provided the six 
constants a, b, c, À, t, k be suitably chosen 
[KincHorr. See Rours, Rig. Dyn.] 


[For the treatment of these equations by aid of the Weierstrassian 
functions, the reader is referred to Greenhill, Ell. F., Arts. 104-114.] 


45. Prove that 


m" jig. 0-4(0-5)s — 1+ks? — d-dks c-—uisd 
wn TEES Take ae CONI Te dec 
[M. Trip., 1888.] 
46. Prove that 
— ken? (u 4- 14K" D - 8 C-.S C-kD-k*S — D-kC 
3 Ox: D+kS ~ D-kO — Ü0-kDA 38 
where S, C, D denote sn 2u, cn 2u, dn 2u respectively. 
(M. TRIP., 1888.] 
dn 2u 4- en 2u 
du — 7; l log sn wu, 


4T. Prove that f. dn 2u — on 2u E 
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48. Show how sn mu may be expressed in terms of snu, where 
m is an integer; and if m be odd, prove that the numerator of 
1 —sn mu when so expressed consists of a perfect square multiplied 
by the factor 1 - (— br sn U. [Cavrrv, H.F., p. 90.] 


49. If k?= —w, where w is an imaginary cube root of unity, 


prove that 1-sn(»—«o?)u l-snu G — «8n ae 
l+sn(o—o*)u 1+snu\l+osnu 


50. Prove that 
_ po £0? (w+ 0) en? (u — v) | 


dn? (u +v) dn? (u — v) 

1 — ksn? (u + v) sn? (u — v) 
51. Prove that 

snu  eniudniw.ecniudn 4u. cen iudn ¿u .. 


aec d- Pantiu)(1 - — k’sntju) (1 — ks ant N 
(Marn. ian 1878.] 


1 - £?sn?u sn?v 
l - £?sn?uw — k?sn?v + l?sn?u sn?v' 
[Marn. TRIP., 1878.] 


52, Prove that 
l-snu 1 en?}(w+ K)dn?}(u+K) 
l+snu k? sn?3(u+K) ý 


(Maru. TRIP., 1878.] 
53. Show that if U — T +a) sn (u + a4) sn (2u + a4 + a,), then 


|ua- - alog [1 - sn? (u + a4) pla 


54. Show that 
Q?(z--a) (y +a) G(z-y —2a) 1- ksn?(x- a) sn?(y - a) 


Q?(z—a) Q*(y-a) G(z--y 2a) 1—Fsn?(x+ a) sn®(y+a)' 


[GLAISHER.] 
55. Show that 


| co ui aden 9 dn idu E l log e +k’sn (u+3) I. 


o cnu+snudnu 


56. Prove that in a spherical triangle 4 BC, obtuse angled at C, 
we may replace cos a, cos b, cosc, cos A, cos B, cos C respectively by 
en u, env, cn(u+v), dnu, dnv, —dn(w+v), and then 

cos?p = 1 — A?sn?w sn?v, 
where p is the perpendicular are from C on AB, and point out any 
other analogies between elliptie functions and spherical trigono- 
metry. (Maru. Trip. III., 1884.] 
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57. Prove that 


(i) 69) - esto - k?sntu); 


(ii) 9(3u) = ee (1 — A2 sn?w sn? 2w). 


snudnw mu 
enu  2KK 


59. Solve completely the differential uL 


58. Prove that Z(u)= 


+1Z (cu, k’). 


(i) a +n?u+au?=0; (i) 7 at n?u + Bu? = 
[Marn. TRIP., 1878.] 
Show that in case (i) uis of the form 


b? —(a - my + n?, 
"TAS SOMNI | 1 a-m 
uma b, with = 5(1+ b ) 
lc enz,(f- 7) R 2 
s |Baza 
K 2 
or u= -a - (a-b) tn? p(t- 7), (a 4 c) &? 2 b 4 c, 
naim i. 
or u= T ;(£-7) - st n. Tr = G24 +, 


and in case 4i 
u=acn at — T), with (a? 5?) =a?, — b2). 
(Sou. S.H. PROBLEMS, 1878.] 


60. Prove that if a uniform chain fixed at two points rotate in 
relative equilibrium with constart angular velocity about an axis 
in the same plane with the line jcining the two points and free 
from the action of gravity, the form of the curve assumed by the 


chain will be given by y=bsn K7 -, the axis of rotation being the 


axis of z. [GREENHILL, M. TRIP., 1878.] 


61. Differentiations being denoted by accents, show that 


cnu snu ^ dnu cnu ^ snu dnu 


onu shu ,, dn'w cn’ NT sn'w dn'« 


"m 


=0, obtain the relation between z and y 


Mer, 


in an a form. [Matu. TRIP., 1876.] 
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63. Transform the differential dz//(1—2?)(1 —422?) into a like 
expression having, instead of k, the modulus 2/k/(1 + k). 


64. Accents denoting differentiations, prove that 
(i) | snu, sn'w sn"u 
enw, cnu, en'u 
dnu, dn'w dn”u 


— -k?; (ii)|snu, snu, sn"u|-0 
"t 


enw, cn'u en” w 
dau, dn'w dn’ wu 


65. Show that 
=k'2sed ; 


pie, a. ae 
ce, cc, c2? | [MarHEws. See GREENHILL, E.F., 
d, dd, d^ p. 349.] 


(ü)|env, cnu, cnu, enu 
enu dnw: enu, enu| 


== e A ane . 
cnu, euw dn» cnu (1 _ Bsn* 5) 
enu, cnu, cnu, dnu 2 


8k'Scn u sn*; 


66. Show that for four arguments w,, Wz, v,, Vg, if differentiations 
of the elliptic functions with regard to their respective arguments 
be denoted by accents, 


dn2u, dn2w, cn2w, cn2u, 
en2u,, cn2w, dn2w, dn2u, 
dn 2v,, dn2v,, cn2w, cn2e, 

cn wy cn2v,, dn2v,, dn2v, 


1674 i 
-DU3U3V3y3 [U V, sn?u, sn?v, — U,V, sn?u, sn?v,] 
EL rad ME 


x [U F; sn?u, sn?v, — U,V, sn?u, sn?v,], 
U, U, V, F. 


1 
where .—75,1-,— —i—j4—4— = OO eee —1— 13 ee 
l-XE?*snfu, l- sn *u, 1-ksntv, 1 ksntv, 


67. Show that 


1, cnu, dnu 
1, env, dn» 
1, enw, dnw 


1 - an? sn?~ 
COM nU 9 2 
Ne ; 1 -Psnt; 


[Ox. II. P., 1914.] 


= — AK?E? TI sn 


68. Prove that 

sn*(u--v), sn(w-v)sn(u—v)  sn?(u-v) |= 

cnê(u +v), en(u+v)en(u—v),  en?(u-v) 

dn?(u +v), dn(u-v)dn(w-v)  dn?(w- v) 
(Maru. Trip. IL, 1913.] 


8125, s,3c, c, d.d, 
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69. If m?+n?=1, prove that 


o (1 — m@sin?6)! (1 — n®sin? 4)? 


f f sin?0 cos? d0 do 
o (1 - m?sin? oy — n2sin2)? 


id m? cos? 0 + n? cos? p du 
70. If u= Mi FEI gs; Od then 2; 20. 
[y, 1891.] 
71. P and Q are points one on each of two circles in parallel 
planes with a common axis through the centres C, C' at right angles 
to the planes; CC’=b and the radii are 4 and a, PQ=r and the 
angle between the planes C'CP and CC'Qise. Evaluate the integral 


M «[[ - * ds ds', the integrations extending round each circle, and 
throw the result into the form 


-eva he- )n-] 


where F, and E, are complete Elliptic Integrals. 
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